Abstract. The existence and uniqueness of the initial value problem for Schrödinger and wave equations in the presence of a (large) time dependent potential is studied. The usual Strichartz estimates for such linear evolutions are shown to hold true with optimal assumptions on the potentials. As a byproduct, one obtains a counterexample to the two dimensional double endpoint inhomogeneous Strichartz estimate.
Introduction
In this paper, we are concerned with the existence and uniqueness of solutions of the Schrödinger and wave equations in the presence of external fields. More specifically, we will prove that under very mild (and essentially optimal) integrability conditions on the potential alluded to above, one can establish global existence and uniqueness of certain mild solutions.
To fix the ideas, we will consider a linear Schrödinger equation of the form (1.1) ∂ t u(x, t) − i∆u + iV (x, t)u = F (x, t) (x, t) ∈ R n × R ∂ tt u(x, t) − ∆u + V (x, t)u = F (x, t) (x, t) ∈ R n × R 1 + u(x, 0) = f (x) u t (x, 0) = g(x)
In the Schrödinger case (1.1), we impose the physically relevant assumption that V is real valued. In the case of the wave equation, both the data and the potential are assumed to be real valued. The question of existence and uniqueness for these equations is a very important one. Over the last twenty years great progress has been made, as we shall discuss in the sequel. An important feature of the hyperbolic nature of both problems is that one usually reduces it to obtaining apriori bounds for the solutions in terms of the initial data, the potential and right hand side.
There are many ways to achieve such results, the main difference being in the choice of spaces and the required smoothness of the data, the potential and the right hand side. One approach was to establish an extra 1/2 derivative gain (local smoothing effect) for the Schrödinger equation in the L 2 space time norm. For that, we refer to the works of Constantin-Saut [3] , P. Sjölin [18] and L. Vega [21] for the case V = 0 and Ruiz and Vega [15] for the case of nontrivial V . The last result required certain smallness of the potential V . Quite recently, Ionescu and Kenig [7] have been able to establish the local smoothing effect to cover the case, where small time cutoffs of V are small in an appropriate norm. Another approach is to study directly the (linear) propagator of the semigroup (or cocycle in the case of time dependent potentials) and establish directly decay and energy estimates for such objects. This is usually restricted to either time independent or very small time dependent potentials and in some cases are dimensionally restrictive. This was done (mostly in the physically important 3 D case) in the context of the Schrödinger equation in a series of papers by Rodnianski-Schlag [13] , Goldberg-Schlag [6] , and in the wave equation context by Georgiev-Visciglia [4] , D'AnconaPierfelice [1] , and others. In this paper, we shall concentrate on estimating the solutions in the mixed Lebesgue spaces L q t L r x , defined by the completion of the test functions in the norm
We shall mention that both the local smoothing effect and the decay and energy estimates for the propagators imply the Strichartz estimates, that we aim at.
In the potential free case, that is V = 0, the problem was first studied by R. Strichartz [19] , in connection with the restriction theorems for the Fourier transform over quadratic and conic surfaces. This was partly motivated by work of Thomas and Stein on the restriction conjecture, but as it turned out, this methods proved out to be extremely useful, when applied to nonlinear partial differential equations, with Schrödinger or wave linear evolutions.
To state the known results in the potential free case, let us denote the solution operators for the Schrödinger equation by e it∆ (e it √ −∆ for the wave equation respectively).
Yajima [22] , Ginibre and Velo [5] , and finally Keel and Tao [9] , have extended Strichartz's work to show the corresponding optimal estimates in the mixed Lebesgue spaces for the solutions of the Schrödinger equation. More precisely, for q, r ≥ 2, (q, r, n/2) = (2, ∞, 1), 2/q + n/r = n/2, there exists a constant C = C(q, r, n)
1 , so that
For the wave equation, one requires q, r ≥ 2, (q, r, (n−1)/2) = (2, ∞, 1), 1/q+ (n−1)/(2r) ≤ (n−1)/4. Suppose that u satisfies u tt −∆u = F, (u, u t )| t=0 = (f, g). Then there is a constant C = C(q, r, n) so that for all α
whereḢ γ is the homogeneous Sobolev space with γ derivatives. We call such pairs (q, r) Schrödinger (respectively wave) admissible. Note that the pair (2, ∞) is not admissible in the two dimensional Schrödinger case (counterexample due to Montgomery-Smith, [12] ) and (2, ∞) is not admissible in the three dimensional wave equation context (KlainermanMachedon [11] , see also [12] ). The organization of the paper is as follows. In Section 2, we prove Strichartz estimates for the Schrödinger equation with large potential in dimensions three and higher. In Section 3, the two dimensional Schrödinger equation with potential is considered. Among the results are Strichartz estimates for large potentials, existence of non time decaying solutions even for small potentials (which is purely a one and two dimensional phenomena) and a counterexample to the two dimensional double endpoint inhomogeneous Strichartz estimate. In Section 4, we consider the wave equation with time dependent potential. Under certain smallness assumptions, one shows that the usual Strichartz estimates hold true. ). Then the Schrödinger equation (1.1), has a unique global solution u and there exists a constant C, depending only on the dimension n (but not on p, s, q, r, V ) such that
, 0 < ε ≤ 1, and c ε = (
x , the above result might fail, thus implying the optimality of the assumptions for (2.5). More precisely, given
On the other hand, there exists a sufficiently small δ, depending only on the dimension, so that whenever
We mention that the above positive results regarding global existence were obtained independently by D'Ancona-Pierfelice-Visciglia, [2] . They have also provided interesting counterexamples for nonuniqueness in the case when it is assumed only that V ∈ L 
where the constant C is independent of T .
2.
1. An apriori estimate. Our main contribution in this theorem is not the existence statement, but rather the apriori estimate (2.5). We shall first prove a version of it, which applies only to test functions and then we will extend the result to all L q t L r x functions by density arguments. Denote
where the potential V is real-valued and V ∈ L 
where c ε = (
, and C and γ are independent of u, V, q, r and ε.
Proof. (Lemma 1) By interpolation, it is enough to prove (2.6) for the pairs (q, r) = (∞, 2) and (q, r) = (2,
). Multiplying S V u byū, integrating in x, keeping real parts and taking into account that V is real, we get
, which gives (2.6) for q = ∞ and r = 2. Using the Strichartz estimates for the potential free Schrödinger equation and Hölder's inequality,
where (q,r) = (
) is a Schrödinger admissible pair. By the convexity of the norms,
where in the last inequality we have used the Young's inequality ab ≤ γ a 1/(1−ε) + c ε b 1/ε . So, if γ is small enough we get (2.6) for q = 2 and r = 2n/(n − 2). Note that the same proof goes without change to show that (2.6) holds, if we replace the global L q t spaces by L q t (0, T ) for every T > 0. Moreover, the constants are independent of T .
2.2. Global existence. An argument similar to the one presented above also yields existence for general (rough) L 2 data as follows. Instead of (1.1), consider the integral equation u(x, t) = Λ(u)(x, t), where
and similarly sup (q,r)−admissible
Therefore, provided ε 0 is small enough, the map Λ : {u : sup 
2 This is possible by our assumption on the potential V . Note that this argument guarantees the existence of the solution, regardless of our previous argument on apriori estimates. If one tries to keep track of the constants, we see that they potentially may increase in the N th time interval [N δ, (N + 1)δ]. However, the apriori estimate (2.6) shows that sup (q,r)−adm. u L q (0,T )L r is uniform on T and moreover by density, (2.6) holds for all initial data f and right hand sides F , which is the proof of (2.5).
2.3.
Big time independent potentials produce non-time integrable solutions. For potentials V = λW (x), with W χ (x<0) L n/2 = 0, λ big enough, it follows that the operator −∆ + V (·) has a negative eigenvalue (see Reed-Simon [14, p.274, Theorem XIII.80]), and therefore, if f ∈ L 2 is a corresponding eigenvector, then u(t, x) = e −itλ f (x) satisfies S V u = 0 and
A simple calculation shows that there exist δ, C > 0 such that
In fact, using the Strichartz estimates for the potential free Schrödinger equation and Hölder's inequality
.
Two dimensional Schrödinger equations
In the two dimensional case, one makes the obvious modifications to the arguments presented above for the case n ≥ 3 to obtain Theorem 2. Consider the Schrödinger operator
where the potential V is real and V ∈ L 
and C and γ are constants independent of u, V, q, r, θ and ε.
Note that we do not state the results for small time independent V in Theorem 2. This is because such a result is necessarily false. Indeed, by a theorem of Simon, ( [16] , see also [17] ), if V = 0 is such that λ and an eigenstate f ∈ L 2 for −∆ + V and therefore u(x, t) = e −iλt f (x) would be a counterexample proving the following Proposition 1. Let V = 0, V : R 2 → R 1 be a real valued (and maybe small!) potential with R 2 |x||V (x)|dx < ∞, R 2 V (x)dx ≤ 0. Then there exists a function u with S V u = 0, u| t=0 ∈ L 2 , such that u L q (0,∞)L r = ∞ for all Strichartz pairs (q, r) with q < ∞.
3.1.
The double endpoint inhomogeneous Strichartz estimate fails in two dimensions. Another consequence of the Simon's result is that for the inhomogeneous Schrödinger equation
fails to be true. This is in complement to a result by Montgomery-Smith, [12] , where he has shown that sup
Proposition 2. The Duhamel's operator for the Schrödinger equation
Proof. We proceed by a contradiction, that is, assume that there is a constant C Str , so that
For the purposes of this counterexample, fix a potential V ∈ C ∞ 0 (R 2 ), which is nonpositive and not identically zero. According to Theorem XIII.11 in [14] , for every ε > 0, there exists an eigenvalue E < 0 for the operator
Next, we check that the corresponding eigenfunction f is smooth. Indeed, since f ∈ L 2 and ∆f = εV f − Ef , we have ∆f ∈ L 2 (R 2 ) and therefore f ∈ H 2 (R 2 ). One iterates this argument after differentiation to eventually obtain f ∈ H ∞ = ∩ s H s . Take the function u(x, t) = e −iEt f (x), then u satisfies
By the Montgomery-Smith counterexample, it will be impossible to esti-
, however in a finite time interval (and with sufficient smoothness on f ), we have for all
where we have used the Hölder's inequality, the Sobolev embedding esti-
) and the Strichartz estimates (1.3) for the Strichartz pair q = r = 4. After having prepared the preliminary estimates, take
According to our previous estimates and the assumption on the Duhamel's operators , it follows that
according to our choice of ε. It follows that
which is a contradiction as T → ∞. This shows that our assumption was false and therefore the double endpoint Strichartz estimate fails.
Wave equations with time dependent potentials
For the D'Alamabertian = ∂ 2 t − ∆, subject to a real-valued potential V (t, x), initial data f (x) and g(x) and right-hand side F (t, x), consider the equation
, 0) and h − (x) = min(h(x), 0). We have the following Theorem 3. Let n ≥ 3 and V :
< ∞, for some 0 < θ 1. Then, there exists a global solution to (4.8) and moreover the Strichartz estimates hold. That is, for all (q, r) wave admissible, r < ∞, there exists C = C(q, r, n), so that
Proof. To avoid technical issues arising close to the "forbidden" point (2, ∞), we consider the case n > 3. Obvious adjustments can be made to cover the three dimensional case as well. We shall prove the estimate (4.9), assuming that f, g, F are smooth and decaying. The existence and uniqueness result follow just as in the case of the Schrödinger equation (Theorem 1) and we omit it.
We show (4.9) for the endpoints (∞, 2) and (2, 2(n − 1)/(n − 3)). Then for all Strichartz pairs on the "sharp" admissibility line (in (1/q, 1/r) space) 1/q + (n − 1)/(2r) = (n − 1)/4, we obtain the result by the convexity of the norms
. For the non-sharp admissible pairs (q, r) we first apply Sobolev embedding to get
, where (q,r) is sharp admissible and then we apply (4.9) for it. Thus, we concentrate on the two endpoints.
• The energy endpoint (∞, 2) Multiplying both sides of the equation in (4.8) by ∂ t u, integrating in x and then in t we get
3 Again, in the case n > 3 one can select C = C(n) = sup (q,r)−admis. C(q, r, n) < ∞, while in the three dimensional case, one has blow up, when (q, r) → (2, ∞).
Integrating by parts in the second term on the right hand side of (4.10) and using Hölder's inequality and the Sobolev embedding theorem, we have
Using Hölder's inequality the third term on the right hand side of (4.10) can be estimated by
From (4.10) and the above estimations, we get
is small.
An alternative approach for achieving energy bounds (which is unfortunately restricted to time independent potential) is the following. Assume that V is such that −∆ + V is a positive self-adjoint operator, then there are no negative eigenvalues. This usually is required by saying that V − is small enough or more precisely in the form V − K ≤ 2π n/2 /Γ(n/2 − 1), where K is the Kato norm. This is all technically justified by a work of Jensen and Nakamura, [8] , (see also a more recent result Theorem 5.2, [1] ) In that case, the Duhamel's formula
guarantees the bound on ∇ x,t u L ∞ L 2 . Indeed, using the fact that e it √ −∆+V : L 2 → L 2 and √ −∆ + V :
• The endpoint (2, 2(n−1) n−3 ) Using the Strichartz estimates for the potential free wave equation we have,
(4.11) By Hölder's inequality and the Sobolev embedding theorem,
where 1/r = (1 − θ)(n − 3)/2(n − 1) + θ/2 and k = n/r − (n − 3 + θ)/2. By the convexity of the norms, with
Altogether |∇| n−3
. 4 There is a technical detail here thatḢ 1 ∼Ḣ 1 V for such potential, which is also shown in [1] , Section 5 So if θ is small enough,
